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Diffusion in a Bistable Potential: A Systematic
WKB Treatment
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We study the distribution P of a single stochastic variable, the evolution of
which is described by a Fokker-Planck equation with a first moment
deriving from a bistable potential, in the limit of constant and small diffusion
coefficient. A systematic WKB analysis of the lowest eigenmodes of the
equivalent Schrodinger-like equation yields the following results: the final
approach to equilibrium is governed by the Kramers high-viscosity rate,
which is shown to be exact in this limit; for intermediate times, we show
that Suzuki’s scaling statement does give the correct behavior for the
transition between the one-peak and the two-peak structure for P. However,
the intermediate time domain also contains a second “half,” where P enters
the diffusive equilibrium regions, characterized by a time scale of the same
order as Suzuki’s time.
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1. INTRODUCTION

There has been recently considerable interest in the study of fluctuations in
nonlinear systems. In this paper we treat the simplest model describing such a
situation, namely that of a single, one-dimensional, stochastic variable x, the
distribution of which, P(x, ¢), obeys the generalized Fokker-Planck equation:

P 0 ., a2p
—67=5§[U(x)P]+06_x—2 0y

where U'(x) = dU(x)/dx is a nonlinear function of x. More precisely, we will
specialize to the case where U’ derives from a bistable *“ potential” U (Fig. 1).
Here 6 is a constant (independent of x).
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Fig. 1. A bistable potential U.

Equation (1) can be considered either as describing a Brownian motion
in the presence of an external nonlinear force® (8 is then proportional to the
temperature of the viscous medium), or, possibly, as resulting from the
truncated Kramers—-Moyal development of the master equation for an
extensive variable?® (6is then proportional to the inverse volume of the system).
In any case, we will make the assumption that 4 is small, or, more precisely,
that 8 « AU, where AU is the height of the bump separating the valleys of U
(Fig. 1).

Although this problem may be considered rather academic, it has the
interest of being a first step toward the study of more realistic nonlinear
problems involving several or many stochastic degrees of freedom, for example,
relaxation from far from equilibrium situations or.the dynamics of appearance
of dissipative structures.

This model has been studied, from various points of view, in several
recent articles:

1. Van Kampen® and Tomita et al.®® have reduced the Fokker—Planck
equation to a Schrodinger-like form and studied the normal mode decom-
position of P(x, t); van Kampen was able to distinguish qualitatively among
different regimes corresponding to various time scales. In particular, these
authors calculate the longest relaxation time, which describes the escape of
particles from one of the potential wells to the other after local equilibrium
has been established. This time corresponds to the inverse Kramers reaction
rate® in the high-viscosity limit. We will call the corresponding time domain
the Kramers regime.

2. Suzuki® has studied specifically the case where the system starts with
an injtial distribution concentrated in the vicinity of the instability point
x = 0 (where U has its local maximum). He claims that, for small 8, one can
distinguish between: (i) an initial diffusive regime, at small times, where U
can be approximated by its antiharmonic development around its local

3 We will not consider here the problem of the validity of such a procedure, which has
been and still is the subject of discussion by several authors.®
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maximum; and (ii) an intermediate *“‘scaling” regime, where diffusion (i.e.,
fluctuation) effects would be negligible, for times such that

(2) = (o6 + 1/|Usg)) exp(2|Ug)) ~ o (2a)
(where 0o, is the width of the initial distribution and Ug = U” (x = 0)), the

corresponding time
1 0 1
SII7H L"g{ (3 U)}

giving the order of magnitude of the time necessary for P(x, ¢) to split into
two well-separated peaks located in the wells of U. That is, ¢, would be, in
this simple one-variable model, the characteristic onset time of the equilibrium
(or stationary state) type of structure for P.

He claims that, in this regime, P depends on ¢ only through the variable
7(t), i.e., P = Py (x, v), and defines P,, with the help of a procedure of
matching at small times.

3. Moreau® has used the expression for P(x, ) in terms of an Onsager—
Machlup functional integral,” which he calculates, for small 8, by a stationary
phase method. This amounts to keeping only the contributions of the paths in
(x, t) space that are close to the path of extremal action.

He finds a sound physical answer, with relaxation toward equilibrium,
for potentials U with a single minimum. However, for bistable U, if his result
does account for relaxation toward local equilibrium in each well separately,
it does not describe the relaxation toward global equilibrium. His approxima-
tion should therefore be improved to describe the possibility of escape from
one well to the other.

(2b)

This type of problem, well-known in field theory, where it is called
“tunneling between two vacuums,” has been solved, in the language of
functional integrals, in terms of the instanton theory.® It has been shown®-#
that the same results can be obtained from the associated Schrédinger equa-
tion with the help of the WK B approximation adapted to a tunneling problem
(this equivalence holds even for a many-variable system).

In order to get a systematic approximate expression for P(x, ¢) valid for
small 6, one can therefore use either of these equivalent methods: (i) the
instanton theory if one starts from the Onsager-Machlup formulation; (ii)
the WK B method if one uses the equivalent Fokker-Planck equation.

In this paper, we choose the second approach, which we believe, probably
on the basis of previous addiction, to be slightly more transparent. This will
enable us to obtain, for a general bistable potential, an explicit expression for
the normal mode decomposmon of P(x,t) for times t = (JUs| ™%, (U)~
(Up~Y), where Ug, Uy, and Uy are the curvatures of U at its extrema. ThlS
result extends explicitly those of van Kampen and of Tomita et al. (for the
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small-f case) into the intermediate time regime. Therefore, it provides a basis
for discussing the scaling treatment of Suzuki. We show that Suzuki’s time ¢
does give some qualitative information about the time it takes for a distribu-
tion starting from the instability region to build up a two-peak structure.
However, we find that there is no true time scaling, in the sense that, even in
the intermediate regime, P is not a function of the single time variable 7 for
all x’s: this is the case only far enough from the extrema of U. So, Suzuki’s
expression for the distribution does not describe properly the shape of the
peaks when these have developed enough to approach the minima of U.

2. THE APPROXIMATE SOLUTION IN THE INTERMEDIATE
AND FINAL REGIMES

Setting in Eq. (1)
P(x, 1) = e~ U2G(x, ) 3)

we find that the equation of evolution of G(x, t) takes the Schrodinger-like
form

6 0G(x, t)jor = [62 8%/ex? — V(x)IG(x, t) 4)
where
V(x) = HU'®)P - 10U"(x) ©)
The solution of Egs. (3)—(4) that satisfies the initial condition
P(x,t =0) = 8(x — x) 6)
is®
PG 19 = {exp LRZ YO 5 o e )

The ¢, are the solutions (regular for |x| — co and normalized) of the eigen-
mode equation

—62 d2(Pn/dx2 + V(pn = /\n‘pn (8)
with eigenvalue A, (n = 0, 1,...). From the equilibrium solution
Peq(x) = Ce~ VIO )

of Eq. (1), we immediately know the exact lowest eigenmode ¢@q(x) =
CY2 exp[— U(x){26], which of course corresponds to A, = 0. The other A,/6
(n = 1) give the inverse normal relaxation times of the system.

Let us first consider the structure of the potential function ¥(x) associated
with a bistable U. From definition (5) it is clear that, for small 8, (¢ « AU),
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Fig. 2. The potential V(x) associated with JI aoa' - »
U(x). Here I, I, TI1, IV, . . . label the different ! ¢ '
ranges of definition of the eigenfunctions. W

V exhibits three minima (Fig. 2) located close to the three extrema of U. More
precisely, it will appear in the following that, in order to be consistent with
our approximations, we only need to know each of the characteristic param-
eters of V at its minima (position of the minima, values of ¥ and of its curva-
tures) to lowest order in 8. That is

Vix) =~ —30U7 + HUD*(x — x;)? for x ~ x; (10)

with x; = b, 0, or a.

In order to get an estimate of the orders of magnitude of the first of the
A,., we calculate the “energy” levels of the three harmonic wells corresponding
to the three valleys of V. From Eq. (10) we find

Ay =—30U7 + 0|Uil(p+ D, p=012. an

The lowest of these levels are given by i = a or & and p = 0, with
A§® = 0: there always is, even for an asymmetric U, a double degeneracy
of the lowest harmonic levels in wells () and (b). [Quite obviously, this result
would remain true to higher orders in 6, since it only expresses the fact that
exp(— U/29) is the exact lowest eigenfunction of Eq. (8).]

From these remarks, it is clear that one may distinguish among three
different regions for the values of the X,, i.e., among three time regimes:

(i) The tunneling coupling between the two lowest harmonic levels will
lift their degeneracy: the two resulting levels will have an exponentially small
separation A, — A,, controlled by some ‘“activation factor” exp(—AU/8).
Therefore t > =; = (A,/8)~* will define the final or Kramers regime.

(i) The next excited levels have A values of order 8|U;|. They control
the time variation of P(x, ) in the intermediate regime defined by |U;|~* <
1K Ty.

(iii) The levels with X’s comparable to V,, ~ (AU/a)? or larger become
important in the initial regime ¢ < 0(a/AU)2. In this regime, the normal mode
expansion (7) is not well suited for obtaining a simple description of P, which
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instead can be calculated from Eq. (1) where U is developed up to second
order in the vicinity of x = 0. In the transition region between |U;|~* and
0(a/AU)?, as shown by van Kampen,¥ no clear statement can be made.

From now on, we shall only concentrate on the intermediate and final
regimes.

We want to solve Eq. (8) in the small-# limit. This immediately suggests
that we must use the WKB method (the role of # in the usual Schrodinger
problem being played here by 6).

We are only interested in the low-lying levels, for which |A — V| ~ 6|U7|
in the vicinity of the bottoms of the three wells of V(x), where the WKB
expression for the ¢, is therefore not valid. Fortunately, in these regions we
may safely approximate ¥ by harmonic potentials [Eq. (10)}, for which there
exist exact solutions that we want to match with the WKB solutions. The
matching technique, which is equivalent to that of Miller and Good,*? is
developed in detail in Appendix A. Its principle is the following: consider, for
example, the matching between regions II and III (see Fig. 2) around the
turning point at x = B. Region II is defined as the quasiharmonic region
around x = b, where V is given by Eq. (10), and region I11 is a WKB region,
(¥(x) > ). The wave function has the following form for region II:

¢(x) = AuD\((x — D)(U3/0)'®) + BuDy(—(x — b)(Uy/0)™™)  (12)

wherev = [A — V()])/0U; — 1/2 = A0U}, and D, is a Weber function; and
for region 111

P(x) = [Wg_)\]m]l/z(Am exp{Lx% [V(x") — )\]1/2}

+ B exp{— L ey - )\]1’2}) (13)

For small 8, regions II and III overlap in a domain where (x — b)(U3/0)'/2
> 1, so that one can use the asymptotic development of the D,, and where the
phase integrals in Eq. (13) can be calculated with the quadratic expression
(10) for V. As is shown in Appendix A, a comparison of the two resulting
expressions for ¢(x) determines uniquely A;;; and Byyp in terms of Ay; and By;.

Note that, contrary to what is asserted in many textbooks, it is therefore
possible, with this method, to determine, not only the coefficient Ay of the
exponentially increasing function in the classically forbidden region III, but
also that of the exponentially decreasing component. This is due to the fact
that using the full asymptotic development (including exponentially small
terms) of the Weber functions amounts to taking advantage of the full
behavior of ¢(x) in the complex x plane around the turning point(s).*" This
matching procedure can be repeated in the vicinity of the three minima of
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potential V" separately (since these minima are separated by “good” WKB
regions). To build the wave function of an eigenstate, we start from region 1,
where only the increasing (for increasing x) WKB exponential is present; we
perform these successive matchings and impose that the increasing WKB
exponential be absent in region VII (Fig. 2). This condition, which determines
the A eigenvalues, reads

F(—E)g“z(ﬂ—)ajf(—#) (f +el/2)§+1/2(" +€1/2)””’2([#_5_T2])”“’2

Casym (2m)12 e vH1/2
—e cos 7€ COos mu =— (=) (m)

%gg (§ 4-61/2)“1/2

— 725%™ cos v cOS T

— e WL H5HWN] cos ¢ cos mv sin? Tu D(—p) ¢ e
e \w v 1)

(14)

where v = AOU;, p = (A0|Ug]) — 1, £ = AU, T' is the Euler gamma
function, and S,(}) is defined by

S = f ey - apn, )< Ui 5

- 'de Xy — A2, A > 6|U|2

8

where the classical turning points 8 and —e are shown in Fig. 2, and S,()
1fs the cgrrespondmg quantity for the x > 0 part of potential ¥ ( f 5 f and

—

’ Itfies)clear from Eq. (14) that, since exp[—2S,(A)] and exp[—2S,(A)] are
small quantities, the solutions for A will lie in the vicinity of the points where
at least one of u, v, £ is a positive integer or zero, i.e., obviously, in the
vicinity of the harmonic energies given by Eq. (11).

3. KRAMER'S REGIME

As already mentioned, this regime corresponds to times ¢ > |U7| "% i.e.,
it is determined by a knowledge of the first two levels of potential ¥, which
result from the lifting of the degeneracy between the (b, 0) and (a, 0) harmonic
levels due to the tunneling coupling.

Therefore they correspond, in Eq. (14),tovand § ~ Oand 4 ~ —1. One
can first check directly that A =0 (ie.,, v = £ =0, p = —1) is an exact
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solution of Eq. (14). That is, our approximation reproduces, as it should,
the correct zero value for the lowest eigenvalue A,. The corresponding wave-
function ¢,, as given by our calculation, is of course the local approximation
[Gaussian in the (a) and (b) wells] to the exact ¢, = CY2 exp[— U(x)/26].
In order to calculate the eigenvalue A; for the first excited level, we

develop Eq. (14) up to second order in exp(—2S,) and exp(—2S,), which
gives

AL = (02m)[Uge™ 259 4 Uye 250 (16)
The quantities S,(0) and S,(0) are calculated in Appendix B to be
S{0) = (AU,/20) — 3 1og(|Us|/UY) (17)

where AU, = U(0) — U(i), i = (a, b).
This gives for the inverse Kramers time

1 A

- 6 51; [(UglUgl)llze—AUalﬂ + (U'élUgl)l/Ze—AUb/G] (18)

Some comments about our expression for 77! may be useful:
(i) In the case of a symmetric bistable U, Eq. (18) reduces to

e AL (19)

This is exactly the expression obtained using Kramers’ method of resolution
of his equation in the high-viscosity limit,"»* where it reduces to Eq. (1).

(ii) For an asymmetric U, the expression for =, is completely symmetric
with respect to the interchange a %5 b. This is obviously related to the fact that,
as appears from the general expression (7) for P, it is the single time =, which
characterizes, at long times, the escape of particles from well (a) to well (b)
as well as the reverse process. The fact that 77! is the sum of two chemical
activation rates for wells (a) and () is general: this result can be derived
directly from the two phenomenological equations, valid in the Kramers
regime

dna/dt = _naWa—»b + anb-—-a: dnb/dt = naWa—w - anb—>a (20)

where n, and n, are the numbers of particles in wells (a) and (b), and the W’s
are interwell transition probabilities. From Eq. (20) one gets

lry = Wap + Woaa (21)
which is equivalent to expression (18) is one chooses for the W’s the values
Wi = (1)2m) (U7 |Ug|)H2e29¢° (22)

which of course satisfy the detailed balance condition.
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(iii) An analogous result for r;* has been obtained by Tomita et al.®

However, their prefactor differs from that of Eq. (18) by a factor 2/V 7. We
believe this discrepancy to result from the fact that they use the WKB form
for ¢,(x) in the quadratic region x ~ 0, where it is not valid, instead of the
Weber function expression.

4. THE INTERMEDIATE TIME REGIME

This regime, as has been seen in Section 2, corresponds to times |Uj|~* ~
t « 7, so that it is determined by a knowledge of the excited levels (n) of
potential ¥ with A values of order p6|U;| (with, of course, p8|U;| < V,, i.e.,
p < AU/H). These states are those that derive from the approximate harmonic
levels A9 with p = 0, 1, 2,... and A9, AP with p’ = 1, 2,..., which energies
are given by Eq. (11).

We consider here the case of a general bistable U with no particular
symmetry, so that the harmonic states of interest are not systematically
degenerate (we neglect the case of accidental degeneracy).

Let us call p?(x) the eigenfunction of the state deriving from the (p, i)
harmonic state. We can build ¢, which has a large amplitude in well (i)
only, by the same matching procedure that we used to build the fundamental
and first excited states ¢, and ¢,. The corresponding algebra is presented in
Appendix C.

We are interested here in checking the scaling statement of Suzuki.® In
order to compare our and his results, we must consider the case where the
initial distribution is concentrated in the vicinity of the point of instability of
U (x, ~ 0), i.e., in the (0) well of potential V. Moreover, we will only study
P(xt|xo) for x < O (the case x > 0 would be completely analogous).

It appears from the calculation (Appendix C) that, as expected, the A
eigenvalues corresponding to the ¢’ only differ from the harmonic values AY
given in Eq. (11) by exponentially small terms due to the tunneling among the
three wells of V. For all levels with A # 0 these differences can be neglected
in the corresponding time exponentials of the development (7) of P, which
can therefore be written, in this regime,

PGst]x) = PusGstf) + 200 {5 0 ) expl—(p + DIVl

+ > eP(X)eP(x0) exp(—pUst)

p>1

£ O (x0) exp(~pU:;t)} 23)

p21
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The sums on p run on indices p « AU/@ (the contribution of higher levels
being negligible in this time range), and

Pantxt|x0) = [0l + 2220 (e (24)

and, since we are interested in times ¢ < 74,
Pein(xt]x0) = Prn(x, t = 0]x,) (25)

is a time-independent quantity.

Since we consider x, ~ 0, x < 0, the (a) sum on the rhs of Eq. (23) is
negligible: indeed, ¢{®(x,) [resp. ¢{®(x)] is exponentially small as compared
with ¢®@(x,) [resp. ¢P(x)]. Their ratio is of order exp[— S,(A®)] where
i0S,(A®) is the classical action corresponding to the crossing of the forbidden
region between wells (a) and (0).

Let us first consider the three following cases:

(i) x in the (0) well of V: The time dependence of P is entirely controlled
by the sum corresponding to ¢ states [the (b) sum in Eq. (23) is exponentially
small compared with the (0) one]. In this region (see Appendix C), up to
exponentially small errors,

eP(x) = (p)"A( US| 270D (x(|UG| /0, AP = (p + 1)8|Ug) (26)
so that

P(xt|xo) & Pun(x, t = 0[xo) + ‘7’0((;:0)) (!2770!)1/2

« F<0>( ([z; i)”2, xO(IU ') exp[—1| U4 ]) @7

where

F®(y, z, exp[—1|U3[) Do(») Dy exp(—1|USDP**  (28)
pz0
Note that Py, also contains a normalization factor proportional to §-1/2
(since, to lowest order, both ¢, and ¢, are combinations of Gaussians of
widths proportional to §%/%),

(i) x in the (b) well of V: In this region, the two (0) and (b) sums on the
rhs of Eq. (23) give comparable contributions, since each term contains one
exponentially small factor. The successive matching procedure (Appendix C)
gives, for x >~ b,

P5(x) = Ay Dypy[(x — B)(U3/0)*7] (29)
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where v(p) = (p + D)|UG|/Uy is a noninteger since we exclude accidental
degeneracy, and

A, = (_)p(p!)—l/g(%%)”‘* FE;T;EIPZ)) (I U%l)l/z(UZ(xmB— a)z)mz)/z

([U{];c 2)“’“”2exp{ 23 (p+1)JU!8} (30)

X, 1s the point at which ¥ reaches its local maximum ¥, in the x < 0 region,
and § is a geometrical parameter which characterizes the local anharmonicity
of potential U:

m 1 1 0 1 1
s [ (v~ wmwm) [ (o - 5m) @0
In the same way, we find, for x in the (b) quasiharmonic region, and with
AP = poU7,

Pi(x = b) = (p) VAU 2m0) " D,((x — bY(U3/6)'?) (32)

which is continued, for x in the (0) quasiharmonic region, by

_ U\ T(—w(p) {Up(xn — b)?\72 !Uolxm’a’ [u(p) +11/2
Oy ~ O} = (pN-12{ 21
pP(x 2 0) = (p}) (2770) (2m)2 g g

v {exp(—%—%{— U"S)}Du(p)(x< Us )”2) (33)

and u(p) = (pU/|Usg)) — L.
So, finally, we can write

_ _ Po(X) _(_/_Q Y2 avyze
P(xt|xo) = Pyn(x, t = 0]x,) + NED) (2779) ¢

el )
o) ()] oo

#0027 = [l 5 CE D) b ()D(-2rsere 39)

where

1 > %(7@ Do) Dy(2)(ry) 712 (36)

‘ﬁ(b)(y’ z, Tbl) =
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and the time variables 7,, ,” are defined by

— 6 6 106110 20t + 8) Ugl
= (IUSIxm"')( s;(xm—b)z) e 37

U4/ Ugl . o
= (wa ) 0(—Z(x = b)2)em+dm”=(To)U"”U°' (38)

So, ¢ + ¢® can be rewritten as a function H(y, z, 7,) of the unique
time variable 7, given by Eq. (37).

(iii) x in the WKB region between wells (0) and (b): Coming back to
expression (23) for P, one can notice that the contribution P of the ¢f®
terms spreads everywhere between the () and (a) wells: indeed, the exponential
decrease of py(x) when going from, e.g., well (b) to well (0) is compensated by
the exponential increase of ¢. Moreover, for x, ~ 0, e(x0)/@s(x0) ~
exp(AU/26), while p@(x)po(x) ~ exp(—AU/20) (forall b< x < a).

On the other hand, ¢®(x,)/po(xo) ~ 1, while ¢ (x)go(x) is of order 1
[as far as powers of exp(AU/26) are concerned] in the (b) well, and of order
exp(—AU/0) for x ~ 0.

So, the contribution P® to P of the ¢ terms is essentially concentrated,
as well as Py, in the vicinity of point b. Therefore, in the WKB region,

Pusa(xt o) = POGst|x) = 285 5 0()9(0(x0) expl~(p + 1| U]
(39)

Using the technique explained in Appendix C, we find in this region
PO(x) = (=)7c (0)(| Us )1/4 (20| Usx|)*2 (le U”|)<1/2)<p+1/z)

U'(x) g
x exp Y02 V0O e (p + o) 02D (“0)
with
N R 1
v = [ o (757 - 7o) @1

From this, we get

Pustetlx0) = ety 3, 1 Ooll( 7 7))

pz0

71 p2\ 1/2 s 1PFL
 { (5E)* expi-r1s )}

x { exp[—|Ug |8(x)]} (42)
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It is clear from this expression that, in the WKB region for x, the true
time variable is the quantity

7 = (6/Ug|b”) exp(2¢|Us) (43)

i.e., as shown by Suzuki,®® in that region, where the drift effect dominates
over the diffusion one, there is a true ‘‘time scaling” of P, in terms of the
dimensionless time variable =, which is exactly Suzuki’s variable.

The p sum in Eq. (42) can be performed exactly (since, in the present
time regime, it can be extended up to p - oo with a negligible error). In
order to simplify the resulting expression, we choose, following Suzuki,
X, = 0, and get

—|Ug|8
Puca(ut|0) = LI I e 5 expl-2i03isi1)} ot
In the particular case of the quartic potential U(x) = —3yx?(1 — 1x?), where
'(x) = (1/2y) log|1 — x?| (45)

this becomes

u 1 x?
Pia(xt10) = 7 sy P 50 — “46)

i.e., exactly the “scaling distribution” found by Suzuki for this potential.

Let us, however, insist that the above results [Eqs. (42)—(46)] only hold
in the region where the WKB approximation is valid (i.e., in the region where
the drift force is dominant). They break down for x in the close vicinity of
the extrema of U, as can be seen from both Eq. (28) and Eqgs. (34)-(36).

For x, = 0 [or |x,| £ (6/|Ug))*?] and |x| < (8/|Ug|)*3, P is given by
Eqgs. (27)—(28) with y and z of order 1, so that the characteristic time is clearly,
in that region, of order |Ug|~1, i.e., much smaller than Suzuki’s time #, [Eq.
(2b)].

For |x,| < (8/|Ug))2and [x — b] < (8/U3)"'2, Pis given by Eqgs. (34)-(36),
where, again, y and z are of order 1, and the characteristic time scale z, is
given by 7, = 1, where 7, is given by Eq. (37), i.e., is proportional to
6 +1VoliUs while Suzuki’s variable = is proportional to 8. So, it is seen that the
characteristic time 7, is always larger than ¢,, although both lie in the same
intermediate time domain.

Therefore, Suzuki’s result will be a good approximation for P as long as
the part of the distribution that lies in the vicinity of b and on the left of it
[x — b < (0/U3)*"?] remains negligible. This can be estimated by calculating
the Weight of that part of the distribution lying between x ~ Oand x = b + «,
where « > (8/U3)Y2, in which region P is Suzuki’s distribution (44).
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Setting
u? = (x*2b%r) expl—2| U] ()] @
we obtain from Eq. (44)
Pyxp(xt]0) dx = (1] V') exp(—u?) du (48)

i.e., one can notice that, in the Suzuki regime, the true scaling variable, in
terms of which P has a universal Gaussian form, is », and not, separately,
7 and x.

On the other hand, from Eq. (41)

8'(b + «) = —(1/Uy) log(b/a) (49)
so that
J:o dx P(xt|0) ~ % - %erfc&%ﬁ (g)mgu%] (50)

So, as long as
7 & (bfa)2 VTS < (p2U5/0) 1 VEIITE

the WKB region contains practically all the weight of P, and it can be con-
cluded that Suzuki’s statement, as generalized by Egs. (44) and (47)-(48), is
essentially exact.

This breaks down when = > (b2U}/0)!U0l'Us or, equivalently, when
7, >~ 1. This corresponds, in the intermediate time regime, to the time
domain where the peaks of the Suzuki distribution enter the diffusive region
around the minima of U. For 7, ~ 1, the shape of the peaks of P should
therefore be calculated numerically from the full expression (34)—(36).

Note that this discrepancy with Suzuki’s prediction should not show up
very much in a calculation of the second moment of P around x = 0, {(x*},
since, for 7, ~ 1, the distribution already exhibits rather well-defined peaks
around the minima. A better test would be to calculate {(x — b)) for the
x < 0 part of P.

Finally, it can therefore be concluded that Suzuki’s prediction correctly
describes the evolution of P in the first part of the intermediate time domain,
in which the distribution leaves the x = 0 diffusive region, with a characteristic
time

to ~ (1/2]Ug|) log(|Ug|5%/6)

The drift region is then passed relatively rapidly; then, in the second part
of the intermediate time domain, P enters a new diffusive region [x ~ b (or a)l,
with a characteristic time

to' ~ (1/2U7%) log(U3b?/6)
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The total time scale #, for obtaining peaks of width comparable with that
at equilibrium around 5 is

th=to + 1o

which corresponds to 7, ~ 1.

The order of magnitude of ¢, and ¢, is precisely the same as the time
needed for a distribution starting from a finite distance [of order (68/U")°]
from the minimum of a harmonic potential to build the equilibrium shape in
the vicinity {of order (6/U")*/?] of that minimum.

APPENDIX A
We want to calculate the first two eigensolutions of the equation
=02 dPpldx? + V(x)e(x) = Agp(x) (Al)
where
V(x) = U0} — 16U"(x) (A2)

is depicted in Fig. 2. We know that the two lowest eigenvalues A, and A;
will be exponentially close to the lowest harmonic eigenvalue: AP = A{ = 0.
So, we have Ag, A; < V(0) = 30]Ug|.

In order to build ¢(x), we start from the WKB region I (see Fig. 2), where

pi(x) = KI[[—V(?)B_—X]T/—Z]IM exp{J: de, [V(x) — )\]1/2} (A3)

B’ is the turning point on the left of 4, and K; will be calculated from the
normalization condition.

We want to match expression {A3) with the solution of (Al) in the
quadratic (b) region 11, which is

eu(x) = KuD,(—y,) + KuD(,) (Ad)

with v = A/8U} and y, = (x — b)(Uy/6)Y2. The D, are Weber functions. In
the matching domain, where regions I and II overlap, ¥V is still quasiharmonic,
and expression (A3) can be calculated with

V==30U; + {(Up)*(x — b)*, (B —b)* =(Q20/Up)2v + 1) (AS)
Using

x _ 2ryr
_é_f dx' [V(x') _ )\]112 —_ _(’C_M + (v + 1) log
p 40

(x — b) (UT;;)W

+ 3 + 1) log (V—E—-) + 0(9) (A6)

1
2z
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we obtain [since V(x) > A]

N 40\ve( e \amorim 3,2
P = KI(W) (V T %) IJ"bl exp(——4—) (A7)

In the matching region, y, > 1, so that we can use in Eq. (A4) the complete
asymptotic development of the Weber functions® for y real

Dy(|yD) = e ¥4 y|'[1 + O(y~2)]

Dy(=|y]) = e*|y| = H@m)[T(—)][L + O(y~?)] (A8)
+ e 74| y[* cosvmr [1 + O(y~3)]

Inserting (A8) into (A4) and comparing with (A7), we obtain
49\1e[ ¢ \WRw+u2) )
Ku = K; <m‘) (m) » Ku=0 (A9)

We must now match ¢ (x) with the WKB expression

pm(x) = [[T,@[i—/\]m]l/z(lfm exp{f: d—;‘—' [V(x") — ,\]1/2}

+ K exp{—fx gl;c_’ (vix) — )\]1/2}) (A10)
B8

The same procedure as above [calculate the integral in (A10) in the quadratic
approximation, develop ¢ with the help of (A8)] can be used again, and gives

)2 y+1/2 ,
Ko = K; (f‘(f—)—_v) (;‘-_’e_—l) , Kir = K cos v (A11)
2

We can rewrite ¢y as

o) = | | (K exptssness{ [ &5 vy — s}

+ Kinexpl - S0 exp{ [ 5 vy - a2} A1)
with
Sy() = f 0% V() — A2, A < V(0) (A13)
B

This we must match with the solution in the quadratic (0) region

Prv(X) = KiyDy(— ) + KiyD(y) (A14)
where y = x(|Ug|/0)Y?, and u = (A/6|Usg|) — 1.
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Repeating once more the matching procedure, we get

40 \ve T(— + 1\ @2 +1/2)
Ky = KI(l g]) (2(77 1/;) (!H . zl) cos v e~ SN

. 46 \ 12 ((2m)42 e \v+i2 e aBeD
KW'KI(IUz;) {F<—») (v+%> (lﬁ %l) e

'(—w I‘u + %; (1/2)(e +1/2)
“(277)1/2( e )

(A15).

COS pm COS v e'SbO‘)}

where we have taken into account the fact that, for the states of interest here,
p~—1ie,p+ 12 <0.

These matchings can be repeated until the WKB region VII on the right
side of well (@), where one must impose that the coefficient of the increasing
WKB solution be zero. This gives the condition which determines the eigen-
values A as

rotares (1) ) )

2,.,.)1i2 e v+1/2
=28, L___._ _c
e cos w¢ Cos i (=) v 1

2r)2 e s+1/2
— 725%™ cos 7v cos T (

P& \é+ 1

1

— e AWLNHSA] o5 7€ cos 7 sin? (I;(ﬂ;l;;) (——~|M _: 7[)“1/2 =0 (Al6)
where ¢ = AOU;.

We look for the two solutions of (A16) with A/8|U}| « 1. One can first
notice by mere inspection that, since [['(0)]~* = 0, A, = 0, which corresponds
tov=§¢ =0, p=—1, is an exact solution of (A16). In order to find A,
we develop the equation up to second order in exp(—2S,) or exp(—2S,)
(knowing that A; is of that same order of magnitude). With the help of the
development [I'(—¢€)]"! = —e + O(e?), this gives

A = (02m)(Uge™ 3% + Upe™ 25%©)] (A17)

One easily checks that ¢, is proportional to exp[— U(x)/26], up to exponen-
tially small errors. In order to normalize ¢,, we approximate it by

Po,1(%) + @o,vi(x) = CH2{e V@ Dy(y,) + eV @ Do(y,)}  (AlB)

where C'/?is related to K7 , [Eq. (A3)] by C1/2 = K; o(8e6/U};)**. Expression
(A 18) is simply the sum of the Gaussian developments of exp(— U/26) around
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the minima of U. This approximation is sufficient to calculate the normaliza-
tion coefficient up to exponentially small errors. We get

C x 2nb)~V2[(Uy)~ 12g- UGN | ([7)~1i2g=U@io)-1 (A19)
When we calculate ¢, we found that in region II
@1,ulx) = K1,1(49/UZ)1/4(23)1/4Dv1(_YD) (A20)

with v; = A;/8U%, and an analogous expression involving D, (y,) in well (a).
In view of the divergent asymptotic behavior of D, (—y) for y>»> 1 [Eq.
(A8)], it is seen that we cannot simply approximate in the whole space ¢; by
@111 + @1,v1. However, since v; is exponentially small, it can be shown that,
in the quadratic (b) region II, D, (—y,) is equal, up to exponentially small
terms, to Do(—y,). This can easily be checked, for y, > 1, on the second
equation (AR), where it appears that the increasing term is much smaller than
the decreasing one in region I1. Since ¢; is exponentially small outside regions
11 and VI, we can safely calculate the normalization coefficient of ¢; with the
approximate expression

@1(x) = aDo(yp) + BDo(¥0) (A21)
This gives
o = ClH2e=U@i28([77/U)Y4, B = — CY2e- VN1 )4 (A22)
that is,
KI,I — (Ug/860)1/4cl/2e—U(a)/2H(U;;/U";)II4 (A23)
APPENDIX B
We want to calculate
4]
§y(0) = (1/8) | dx’ [V(x"]*2 (B1)
Bo

where (B, — b)2.= 20/Uy.

Let ¢ and 7 be two cutofTs situated in the overlap domain between regions

I1 and 111 and regions III and IV, respectively, i.e., B, < € < n < 0. Now,
¢ (resp. 7) lies in the (b) [resp. (0)] quadratic region, i.e.,

V(x) @ —30U; + H(Up)*(x — b*  for By <x

V(x) = 30[Us| + H(Ug)*x* for 5 <x

¢

< B2
<o ®

and

(U')? > 0U” for £€<x <7
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so that
[V0)]V2 = U (x){1 — U (x)/[U"(x)1%} (B3)

in that region.
We can split S5;(0) into three integrals:

Sb(()) = 11 + Iz + 13 (B4)

with
: . 2 vz
I > %Lodx{—ﬁ—% + ( 4b) (x — b)z}/
1/é6—-0b\2 1 26— b)
:5(,30-b) ~773 lo B b ‘ (BS)
1[° UG (U )2
qUsl 1 1. |1 (26 \w
=1 a5t ylog (W) (B6)
and
1 Ux) 6U"(x)
nagf e -5
- 55 [UG) — V(@1 - gloel -2 (B7)

For x >~ nand x ~ £, U (as well as V) may be considered as quasiquadratic:
Uln) = UO) + 4Us? +-, U = UG) + 3UYE - b+ (BY)
Inserting Eqgs. (B5)~(B8) into (B4), we find

Uoy—- U@ 1 U
5,0) = LOZEO _ 210g 128 (B9)
S4(0) is calculated by the same technique to be
- U 1
5u(0) = LR U@ _ 210g 178 ®10)
APPENDIX C

We want to calculate here the wave functions ¢®(x) (p = 0) and ¢P(x)
(p = 1) and the A values of the eigenstates of potential ¥ which derive from
the approximate harmonic levels A = (p + 1)8|Uj| and AP = pfUj. Since
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we only consider here the case where A%, X%, and A® are nondegenerate,
these states are essentially localized in wells (0) and (b). Among them, those
with A values larger than V(0) have six real, classical turning points (instead of
four real ones for, e.g., states ¢, and ¢,).

We build the wave functions by the same matching method that we used
in Appendix A for ¢, and ¢, . It is found that the wave functions are always
given by the same expressions as those found for A < V(0) [Eqgs. (A3)-(A4),
(A9)-(A11), and (A14)-(A15)], where now S,(}) is defined by

“Cdx
Sp(A) = 7 [V(x) — A¥2 for A > V(0)
s (CD

=f°%’f[r/(x) AR for A < K(O)
B

The quantification condition therefore keeps the form (Al6). The
¥ states correspond to solutions with u close to a positive integer or zero
and noninteger » and £, while the ¢’ states have v close to a positive integer,
p and £ nonintegers. The corresponding shifts of the A values with respect
to the A® are found to be of order exp[—2S(AP)].

From this, one easily checks that the normalization coefficient can be
calculated (as explained in Appendix A in the case of ¢,) in the approximation

eP(x) =~ KDy(y) (C2)

This finally gives, in the regions of interest for checking Suzuki’s scaling
statement,

© _ o LU\ D(=p) (v + F\amosin (p 4 F\aie s
Por(x) = (—)°cy ( UZ) Q2me P P

< {expl =S, D(~7) ©)
71\ 1/4 4 I\ Qe +1/2)
wuts) = (-rep (L) " (252

x {exp[— S;(AO)]} [[—V(x—)—_é_)—w] N

* dx' , I‘(_V) v L\v+1/2
X (exp{L - [vix"H - /\;‘”]1’2} + 2y (——e—z) cos vrr

x exp{— L x%’i Vo) — A;Dm]uz}) (C4)

Prv(x) = ¢’ Dy(y) (&)
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where v =v(p) = (p + D|Uo|/Us, @ = (pY)~¥*(|Ug|/2=8)*%, and, for
states localized in well (b),

Pou(x) = ¢ Dp(ys) (C6)
U” 1/4 P+ 3 @/2xp+1/2) I2] 1/2
ot = () () )

x (exp & e - mm}
B8

+ cos pm exp] —2S,(A)] (22{5—1—/@
X (—————(" - %lywz exp{f -q"-;-c: Ve - Aﬁ”]”z}) €7
o Us NV D(=p) (o + H\ourio (p 4 J\a2w 1
‘Pp IV(X) = C';))(lUg\) (277)112 ( e 7) ( e )
x {exp[—Sy(AP) D u(») (CB)

where p = u(p) = (pUL/|Us)) — 1 and ¢ = (p))~Y2(U2nd)V%,

In order to calculate S,(}), we proceed as in Appendix B. Let us as an
example give the details of the algebra for the case A > V(0). We introduce
again the two cutoffs £ and » defined in Appendix B. We split S;(}) into

S =L+ L+ 1L (CY

tdx ((U7)? auy v
Igf—{ o (o — by? —~ _A}
1=} 7\ 3 7

= (v + 1){2((53 bg; - % - %1 2(5 A= 0) ,} + O(8) (C10)

“Cdx {(Up)? 0| Uyl }
I ;f —{ 2 x? + -2
=), 04 2

with

—n+ 1){2% -3~ 3log 3}'} + 0(6) (C11)

e[t 2

1 o ‘U’(é) )zj" dx

1
= 2V — U@+ 5log s | ~ 5| gy (€12
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We split the integral on the rhs of Eq. (C12) into
T odx J‘x'" ( 1 1 ) f ( 1 1 )
TR = dx 7 - 2]+ d. 7
e ) U~ x-onus) 7). T\Uw T U

1 E—b
U,,lg b‘

log| (C13)

U T

The intermediate point x,, can be chosen anywhere between ¢ and 5. We
take, for simplicity, x,, to correspond to the local maximum of V.
Noticing that

[} 1 1 ) 1 Um
dx TN Tyl = - Cl4
fn (U x) xUg 27 Uy (Cl4)
we see that the condition for neglecting such an integral [i.e., for extending
the integrals on the rhs of Eq. (C12) to, respectively, x = 0 and x = b] is

precisely that ¢ and 5 lie in the quasiharmonic regions, which corresponds to
condition (B2). So

L AU, 1 (¢ — bU; Ugn? W€ — b)?
s = 55 +§1°g| U +20 2 7
X E—b A

with

o= e vw) * f (s~ wm) €10

From which
l) log d

1
Sy(N) = AU” E %( )1og("°:2)+%(u+
1
X

oo v

U”
log A (C17)

N

38

Finally, it is easily checked that, for states with four real turning points,
Sp(A) is still given by Eq. (C17), with the simple transformation

| + 3

pt3
—1lo
Be

log
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